We present a complete set of local unitary invariants for generic multi-qubit systems which gives necessary and sufficient conditions for two states being local unitary equivalent. These invariants are canonical polynomial functions in terms of the generalized Bloch representation of the quantum states. In particular, we prove that there are at most 12 polynomial local unitary invariants for two-qubit states and at most 90 polynomials for three-qubit states. Comparison with Makhlin's 18 local unitary invariants is given for two-quibit systems.
Local unitary equivalence is a foundational concept in quantum entanglement and quantum information, as it provides the key symmetry in classifying quantum entangled states of physical systems [1] . Two quantum states are of the same nature in implementing quantum information processing if they are equivalent under a local unitary (LU) transformation, and many crucial properties such as the degree of entanglement [6, 7] , maximal violations of Bell inequalities [8] [9] [10] [11] , and the teleportation fidelity [12, 13] remain invariant under LU transformations. Moreover, quantum entanglement in multipartite qubits has also figured prominently in many quantum information processing such as one-way quantum computing, quantum error correction and quantum secret sharing [2] [3] [4] [5] . For this reason, it has been a key problem to find a complete and operational procedure to distinguish two quantum states under LU transformations.
In [14] , Makhlin presented a complete set of 18 polynomial LU invariants for classifying two-qubit states. There are numerous results on LU invariants for three qubits states [15] , some general mixed states [16] [17] [18] [19] 24] , tripartite pure and mixed states [20] . A theoretical method to reduce the problem to pure n-qubit states was proposed in [21] , and later generalized to arbitrary dimensions in [22] . From a different viewpoint, [23] gave a procedure to find the LU operator for multi-qubits using the core tensor method. Very recently a method to judge LU equivalence for multi-qubits [26] was also proposed and more generally SLOCC invariants for multi-partite states are found [27] . Nevertheless, it remains a wild problem to find a complete set of invariants to answer the LU question except for two qubit cases. Even for two partite cases it is also desirable to find an alternative set of invariants to judge LU equivalence, as the original Makhlin invariants contain some nontrivial tensor vectors.
In this article, we propose a brand new method to * Electronic address: jing@math.ncsu.edu quantify polynomial LU invariants for multi-qubit systems in an operational way. For the special case of twoqubit systems, our method is more efficient and needs fewer invariants than that in [14] in general. In fact, we show that many invariants in [14] are consequences of other invariants, and there are at most 12 invariants to determine the LU equivalence for two-qubit states. We prove for the first time that there are at most 90 invariants for generic mixed 3-qubit states. We also propose an operational method to derive a list of polynomial invariants for generic multi-qubit states. We remark that the invariants can not be derived from [23] as the latter aimed to compute the LU operator for two equivalent multiqubits, while our current work takes a different strategy to seek a complete set of polynomial invariants. We start our discussion to express an N -qubit state ρ in terms of Pauli matrices σ α , α = 1, 2, 3,
where I is the 2 × 2 identity matrix, σ
with σ α k at the j k -th position and
are real coefficients. In particular,
Let ρ and ρ ′ be two N -qubit mixed states. They are called local unitary equivalent if
for some unitary operators U i ∈ SU (2), i = 1, 2, ..., N , where † denotes transpose and conjugate. 
Proof. The group SU (2) acts on the real vector space spanned by σ i , i = 1, 2, 3 via [27] :
where O = (O kl ) belongs to SO(3). From (1), (3) and (5) 
where t denotes the transpose of a matrix.
We introduce the following sets of 3-dimensional real column vectors:
which are respectively generated by the (T 12 T 
For simplicity, we only deal with generic cases in the following. The non-generic (degenerate) cases can be studied in details too, see remarks after the proof of Theorem 1.
Let {µ 1 , · · · , µ 6 } and {ν 1 , · · · , ν 6 } denote the first six (spanning) vectors in O 1 and O 2 , respectively. We first give a general result using all the spanning vectors.
Theorem 1 Two generic two-qubit states are local unitary equivalent if and only if they have the same values of the following invariant polynomials:
Proof. By using the relations in (6), it is direct to verify that the quantities given in (7) 
Then we can build the following commutative diagram:
Therefore, ρ and ρ ′ are local unitary equivalent.
Remark. In the above discussions we are only concerned with the generic case. For degenerate cases, one needs to analyze case by case. For instance, let us consider the case
is the αth-power sum of the eigenvalues of T 12 T We now sharpen the result of Theorem 1. Since there are at most three linearly independent 3-dimensional vectors of µ i and ν i in (7) 
Proof.
The set O 1 is a union of two orbits (T 12 T t 12 ) · T 1 and (T 12 T t 12 ) · T 12 T 2 . The independent inner products given in Theorem 1 are
β T 12 T 2 for β = 0, 1, 2, 3, due to the CayleyHamilton theorem and the fact that T 12 u, v = u, T t 12 v for any vectors u, v (T 12 ia a real matrix). Similarly the orbit O 2 will only contribute the remaining independent inner products T 2 , (T t 12 T 12 ) β T 2 , β = 0, 1, 2, 3. We claim that the 3 invariants with β = 3 are not needed if the traces (11) are known. The CayleyHamilton theorem says that
where e i are the elementary symmetric polynomials in the eigenvalues λ i . By the fundamental theorem of symmetric polynomials, the e i can be expressed as classical polynomials in the traces p α (8), i.e. e i are classical invariant polynomials of the density matrix:
Plugging (12) into the three invariants T 1 , (T t 12 T 12 ) 3 T 1 etc., we see that they are given by linear combinations of the invariants (9-10) with fixed coefficients of the classical invariant polynomials (13) (14) of the density matrix, so they are redundant.
As we commented above if we use the Gaussian elimination we also worry about just 12 invariants. i.e., if we add β = 3 in the first set of invariants (9-10) for the 3 basis vectors we can waive the trace identities. Hence the total number of invariants is at most 12 either way. We still include the trace identities (11) for the sake of general (non-generic) cases.
Multi-qubit case:
To simplify presentation, we introduce the following notation: T ij = T t ji . We say that a word of T i , T ij is admissible if the adjacent subindices match. For example, T 12 T 2 , T 12 T 21 T 1 T 12 are admissible ones.
We first consider the three-qubit case to present our general results. In this case, corresponding to (1), a quantum state has the form:
(15) If two states ρ and ρ ′ are local unitary equivalent, then there are orthogonal matrices O i ∈ SO(3) such that
It is known [16] that the last relation (18) is equivalent to either of the following two relations:
Here T 123 is understood as the bipartition T 1|23 (resp. T 12|3 ) in the first (resp. 2nd) equation of (19) . To state our results we introduce two subsets of vectors:
where β = 0, · · · , 3, which are respectively the (T 123 T β T 12 | β = 0, 1, 2, 3} respectively. Here the 3 × 9-matrix T 231 (resp. T 312 ) is the realignment of T 123 with respect to the partition of {123} into {2|31} (resp. {3|12}). 
Proof. By the result of two-qubit case, the invariance of inner products of vectors in O i implies the existence of orthogonal matrices O i , i = 1, 2, 3 such that Eqs. (16) (17) hold. Thus we are left to show that the orthogonal matrices O i also satisfy Eq. (18) or equivalently Eq. (19) .
We use a similar method of Theorem 1 to show this by viewing the three-qubit state ρ as a bi-partite one on C 3 ⊗ C 9 and partition the hyper-matrix T 123 as a rectangular matrix T 1|23 . Then the 3 × 9-matrix T 123 maps the subset O 2 ⊗ O 3 1|23 into the subset O 1 1|23 by left multiplication.
We have already seen that there exists an orthogonal matrix O i such that
and Eqs. (17) hold. Then we can directly verify that the following diagram is commutative:
t .
The following result shows that there are at most 90 invariants to judge LU equivalence for two three-qubit states.
Theorem 4 Two generic three-qubit states are local unitary equivalent if and only if they have the same values of the following invariants:
where α = 0, 1, 2; β = 1, 2, 3 and
The above criteria can be generalized to multi-qubits.
Tî i )-orbit, whereî = 1 · · ·î · · · n means the index i is absent. In general for any strict sequence i 
where each pair of indices (i, j) are such that
Proof. We use induction on n to reduce the problem to (n − 1)-partite qubits. Note that for any sequence i of indices for n-partite state, we can view the elements in O i as O i ′ ⊗ O j where i ′ is obtained by realignment of the Block matrix with respect to the index j, and i ′ is obtained from i after the realignment. Then we can use the similar commutative diagram
Here O 3···n is an orthogonal matrix in the bigger orthogonal group. Then we use the induction to argue further for the matrix T 1|2···n viewed as a reduced matrix for (n− 1)-partite state to get the final result.
Conclusions and Remarks: It is a basic and fundamental question to classify quantum states under local unitary operations. The problem has been figured out in [21, 22] for pure multipartite quantum states. However, it is much more difficult to classify mixed quantum states under LU transformations. Operational methods have been presented only for non-degenerate bipartite states. Although the authors in [25] have shown that the problem of mixed states can be reduced to one of pure states in terms of the purification of mixed states mathematically, the protocol is far from being operational. We have provided an operational way to verify and classify quantum states by using the generalized Bloch representation in terms of the generators of SU (2). We remark that [23] gives a practical procedure to compute the LU operator for two equivalent multi-qubits, but it can not derive the polynomial invariants from the procedure, as it is based on a different strategy. In our current approach we set our goal to write down a set of simple invariants with which two states can be easily checked if they are LU equivalent. Since the coefficients (tensors) in the representation can be determined directly by measuring some local quantum mechanical observablesPauli operators, the method is experimentally feasible. Our criterion is both sufficient and necessary for generic multi-qubit quantum systems, thus gives rise to a complete classification of multi-qubit generic quantum states under LU transformations.
